PART A QUESTIONS WITH ANSWERS

VECTOR CALCULUS

1) Prove that the vector field F =yzi+xz j+ Xy K is irrotational.

Solution:

i
CurIE=V><E:2
OX

K|
S Qo =i

yz

—ilx-x1-Jly-yl+Kiz-7] ®

=0.
Therefore F is irrotational.

2) Using divergence theorem, evaluate js closed surface of the sphere

XC+y + 72 =a%

Solution:
By GDT

o: 0

° ay]+§i) X +y]+ )V

- [

4
=3 _m‘ dv =3 gﬂas (Since the volume of the sphere with center ‘a’ is
v

4 s
—7a
3 )
3) State Stoke’s theorem.
[F-dr=[[VxF -nds
C S
4) State Gauss’s divergence theorem.
[[F-nds=([[[v-Fav
S \Y
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5) State Green’s theorem.

i(u dx+vdy)=g(%—%“)dxdy

6) Findcurl if F = xyi +yz j + zxk.
Solution:
i -
= = |0

j k

CurlF =VxF=|— 9 O

oxXx oy oz

Xy yz X
=i[0-1]- j[z — 0]+ k[0 — X]

=—vyi+zj-xk

7)

g) A Wctor field given by F = (x? —y2_+ X)i — (2xy + y)] . Show thit it is irrotational and
hence find its scalar potential. Given F = (x* —y? + X)i —(2xy+Y) j

=i[0-0]- j[0-0]+k[2y - 2y]
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=0 Therefore it is irrotational.
To find the scalar potential

Given F :§¢
F ==y +x)i—(2xy+Yy)]

op PP op op
—=(X"=y " +Xx), —=—(2xy+Yy),—=0
; ( y ) ; (2xy+y) pe

Integrating w.r. to x and y respectively we get
¢:I(x2—y2+ X) dx

X, X
= E—y x+?+ f(y,2) ®
=] (" =y’ +x)dy

= x2y—y?3+xy+ f(x,2) \

XX 0 X,y
= — Y X+ + Xy ——
g VXY

9) The temperature at a poinjgk, Wz) inWspac®is given by T(x, y, z) = x* + y* —z. A mosquito

located at (1, 1, 2) desir fly Mysuch¥g direction that it will get warm as soon as possible.
In what direction shquld it fly?

Solution:
To find such that the temperature becomes cooler we have to find VT.
fvr=Ziv 5 Lk
ox oy oz
= 2Xi+ 2y] —k

Afthe point  (1,1,2), VT =2i+2j —k

] —k is the direction in which mosquito must fly such that the temperature get

10) FindV (log r) .
Solution:
vp=22i,027, 90§

oXx oy oz

Viogr= o(logr) i o(logr) ]+ o(logr) K
OX oy 0z
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_Ixg lys tzg
rr rr rr

_1[xi+yj+zk]

11) Find a, b, c such that F = (Bx+y+ az)i + (bx+ 2y—z)] + (3x+cy +3@) is irrotational.

Solution:
i j k
Given fozi o 9 =0
oX oy oz
Xy yz zX
i j k
| 2 el i
OX oy oz
3Xx+y+az bx+2y—z 3x+g¥+

=i[c+1]- j[3—a]+k[b—1]=0

c+1=0,3—-a,b-1=0

m (3, 1, -2) is the directional derivative of ¢=x°y*z* maximum? Find
e of this maximum.

=2xy2z%i+2x%yz* j +4x2y? 2%k

V 91 =[23)Q)16)]i +[2(9)L)(L6)] ] +[4(9)D)(-8)]k
=96i + 288 — 288k

13) Find o such that F = (3Xx—2y+z)i + (4X+ay —2) j + (X— y+ 2z ) k is solenoid.
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Solution:
Given F = (3x—2y+2)i +(4x+ay—2) j + (x—y+22 )k
Since it is solenoidal V-F =0

= 6(3X—2y+)+8(4x+ay—z)+a(x—y+22)=

V-F = 0
OX oy 0z

3ta+2=0

a+5=0

Sooa=-5

14) Find a unit vector normal to x?+ y?*+ z’=5at (0, 1, 2).
Solution:

Given p=x>+y*+2°

WKT the unit normal |N" =< 3

:2]+4R _ 2]+4E _ 2]+4R: ]+2R
J4+16 V20 a5 5

B
15) If F =V g, thenfind [F.dr
A

16) Find the directional derivative of ¢ = x*+ y? + z%at the point (1, 1, 1) in the direction of the
vector i +2j + 2k
Solution:
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We know that Directional derivative =

Veat (L11) = 2i+2]+2k -
_2i+2jrok ir2i+2k
h+2j+2k

2+4+4

- [l+4+4

10 &
3
17) Define solenoidal vector function. If V =(x+3y)i + §+ 22.2)k is solenoidal,

find the value of k.
Solution:

Given V =(x+3Yy)i +(y—22)j +(x+
V-F=0

Since it is solenoidal

OX oy
=1+1+20L=0

e of ¢ =x y? +yz%at the point (2, -1, 1) in the direction of the

v( r"r)=(n+3)r" Deduce that r" r is solenoidal if and only if n =-3.

20) Find the angle between the surfaces x*+ y* + zZ2=9and z = x* + y* -3 at (2, -1, 2).
Solution:

Given @ =Xx+y*-3,p,=x*+y*+2°-9
qul=2xi+2y]- Kk, V(p2=2xi+2y]+22 k

V@ia12 =4i- 2] -k Vg, at(2,-1,2) =4i- 2] +4k
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Vo, | =16+4+1=+21, [V, | =/16 +4+16 =136 =6

Vo .V,

cos 0=
\Vgol HV%‘

(4i-2yj- k).(4i-2j+4k) 8
V2136 321

21) If F is a vector point function prove that curl (curIE) =V(V-F)=
Given Vx(VxF)=(V-F)V—(V-V)F
ax(bxc)=(a-c)b—(a-b)c

Since”
=V(V-F)-V2F
=grad (div F) - V’F

Find wilge r 2 d r=xi+yj+zk

r any closed surface S, H curl F-ndS =0
S
IHE-EdS:IﬂV-EdVI

Where v is the volume of the closed surface s
j j V-FdV =0
\"2

WKT Gauss Divergence theorem, “

Since V. (Curl F) =0, we get
chrlf-ﬁd8=0
S
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